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Nomenclature
c∞ = sound speed
D/Dt = ∂/∂t + ∂/∂x1

d = cylinder diameter
G = Green function
H (2)

0 = Hankel function of the second kind of zeroth order
Im = modified Bessel function of the first kind

of integer order m
I ′

m = derivative of Im

Km = modified Bessel function of the second kind
of integer order m

K ′
m = derivative of Km

k = ω/c∞
M = freestream Mach number, = u∞/c∞
n = azimuthal wave number
n j = directional cosine of the outward normal

to a solid surface
Pi j = pδi j − τi j

p = pressure
R = cylinder radius
Re = Reynolds number, = u∞d/ν
r = |r̄ | = |x̄ − ȳ|
Ti j = Lighthill stress tensor, = ρu′

i u
′
j + δi j (p − ρ/M2) − τi j

t = time
t∗ = retarded time, = t − Mx cosh ξ
ui = velocity
u′

i = ui − δi1

u∞ = freestream velocity
x =

√
(x2

1 + x2
2 )

x̄ = observation-point position vector, = (x1, x2) = (rx , θx )
y1 = direction of the freestream velocity
y2 = direction normal to y1
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ȳ = source-point position vector, = (y1, y2) = (ry, θy)
γ 2 = −ω2/c2

∞
∂
 = cylinder surface
ν = kinematic viscosity
ξ = integration variable of the Hankel function
ρ = density
ρ ′|D = acoustic density fluctuations from the body-force

fluctuations
ρ ′|Q = acoustic density fluctuations from the velocity

fluctuations in the wake
τi j = viscous stress tensor,

= (∂u′
i/∂x j + ∂u′

j/∂xi − 2
3 δi j∂u′

k/∂xk)/Re

 = computational domain for the near-field

velocity and pressure
ω = frequency

I. Introduction

V ORTEX shedding observed in the wake behind a circular cylin-
der increases the mean drag and the drag and lift fluctuations.

These body-force fluctuations and the velocity fluctuations in the
wake are the main sources of the flow-induced sound from a circu-
lar cylinder: the drag and lift fluctuations generate a dipole sound,
and the unsteady wake generates a quadrupole sound.

So far, two different approaches have been mostly taken to esti-
mate the sound propagation from flow over a circular cylinder at low
Mach numbers. One is to solve the unsteady compressible Navier–
Stokes equations using a high-order scheme in space and time and
directly obtain both the flow and sound fields.1 The other is to solve
the unsteady incompressible Navier–Stokes equations using a low-
order (mostly second-order) scheme in space and time and apply the
Lighthill’s acoustic analogy2 to obtain the sound field.3−6 In the lat-
ter approach, the far-field and compact-source approximations have
been often used to predict the far-field sound propagation, assuming
that the distance between observation and source points is larger than
the acoustic wavelength and the solid body and the source region
are smaller than the acoustic wavelength. Also, using the Curle’s
formulation3 of the Lighthill’s acoustic analogy, one can estimate
the contributions from the body-force and velocity fluctuations to
the overall far-field sound, respectively.

The accuracy of predicting the far-field sound using the acous-
tic analogy has been shown for various flows by comparison with
the direct solution of sound field, for example, corotating vortex
pair,7 mixing layer,8,9 vortex pairing in a jet,10 turbulent jet,11,12 and
isotropic turbulence.13 Especially, for flow over a circular cylin-
der, Inoue and Hatakeyama1 compared the direct solution of the
compressible Navier–Stokes equations with the solution from the
acoustic analogy with the far-field and compact-source approxima-
tions and showed that the Curle’s solution well describes the sound
propagation.

On the other hand, in the case of near-field sound all of the pre-
vious studies have been conducted using the first approach, that is,
direct simulation of compressible Navier–Stokes equations. With
this approach, however, it is difficult to estimate whether the near-
field sound from flow over a bluff body comes from the body-force
fluctuations or from the velocity fluctuations in the wake. For this
purpose, we use the second approach based on the acoustic anal-
ogy in order to investigate the near-field sound characteristics from
flow over a circular cylinder, where the far-field and compact-source
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approximations are not valid any more. Also, it might be interesting
to compare the overall sound obtained from the present study with
that from the direct simulation1 to see if the second-order scheme
used in the present study accurately predicts the near-field sound.

Therefore, in the present study we obtain the near-field sound
from the Curle’s integral solution using a modified Green function
with which the effect of the solid surface on the sound propaga-
tion is included. The sound obtained is compared with the direct
solution of the compressible Navier–Stokes equations.1 Also, three
different solutions obtained from the acoustic analogy with the mod-
ified Green function, free-space Green function and far-field and
compact-source approximations, are analyzed in the near field. The
importance of the velocity fluctuations in the wake as a source of
the near-field sound is finally addressed in this Note.

II. Acoustic Analogy
The Lighthill acoustic analogy2 is expressed in a nondimensional

form as
D2ρ

Dt2
− 1

M2

∂2ρ

∂y j∂y j
= ∂2Ti j

∂yi∂y j
(1)

When the reference frame is fixed on the moving solid body, the
Curle’s solution3 of the Lighthill acoustic analogy2 can be used to
obtain the sound field. The acoustic density fluctuation ρ ′ is obtained
in the frequency domain by Fourier transforming Eq. (1) in time and
using the Green function method:

ρ̂ ′(x̄, ω) = M2

∫
∂


n j P̂i j (ȳ, ω)
∂Ĝ

∂yi
dȳ

+ M2

∫



T̂i j (ȳ, ω)
∂2Ĝ

∂yi∂y j
d2 ȳ (2)

where (̂ ) is the Fourier coefficient. For the flow geometry and coor-
dinate system, see Fig. 1. Equation (2) shows the acoustic density
caused by two typical acoustic sources: the first term in the right-
hand side of Eq. (2) depicts the acoustic density (ρ ′|D) from the
body-force fluctuations, and the second term (ρ ′|Q) from the veloc-
ity fluctuations in the wake, respectively.

Dhanak14 proposed a modified Green function in a three-
dimensional space satisfying ∂G/∂rx = 0 at rx = R (= d/2) and
G an outgoing wave at infinity. The modified Green function in
a two-dimensional space can be similarly obtained as

ˆ̂GMG(x̄, ȳ, ω, n) =



[
e−inθy

/
K ′

m(γ R)
]
Km(γ ry)[K ′

m(γ R)Im(γ rx ) − I ′
m(γ R)Km(γ rx )]

for rx ≤ ry[
e−inθy

/
K ′

m(γ R)
]
Km(γ rx )[K ′

m(γ R)Im(γ ry) − I ′
m(γ R)Km(γ ry)]

for rx > ry (3)

Here ˆ̂
( ) denotes the Fourier coefficient in the frequency-azimuthal

wave-number space. The sound propagation in the presence of the
cylinder is accurately predicted with this Green function.

Fig. 1 Flow geometry and coordinate system.

The free-space Green function can be used to obtain the sound
field when the observation point is apart from the cylinder surface:

ĜFG(x̄, ȳ, ω) = (i/4)H (2)

0 (kr) (4)

On the other hand, using the free-space Green function and the
far-field and compact-source approximations, the acoustic density
fluctuation at the far field is approximated by

ρ ′
FC(x̄, t) = M3

2π

xi

x

∫ ∞

0

∂

∂t∗

∫
∂


n j Pi j (ȳ, t∗) dȳ dξ

+ M4

2π

xi x j

x2

∫ ∞

0

∂2

∂t∗2

∫



Ti j (ȳ, t∗) d2 ȳ dξ (5)

In the following section, the subscript FC denotes the acoustic
density obtained from the far-field and compact-source approxi-
mations [Eq. (5)] and those MG and FG from the modified and
free-space Green functions [Eqs. (2) and (3) and Eqs. (2) and (4)],
respectively. The Lighthill stress tensor is approximated by the
Reynolds-stress term only.2

III. Computational Details
The acoustic source functions in the near flowfield are obtained

by solving the unsteady incompressible Navier–Stokes equations
in generalized coordinates. The integration method used to solve
the equations is based on a fully implicit fractional step method.
All terms including cross-derivative diffusion terms are advanced
with the Crank–Nicolson method in time and are resolved with the
second-order central-difference scheme in space. A Newton method
is used to solve the discretized nonlinear equations. The details of
the numerical method used in this study are described in Choi et al.15

For the near-field velocity and pressure, we use a C-grid sys-
tem. A Dirichlet boundary condition, u1 = 1 and u2 = 0, is used
at far-field computational boundaries, and the no-slip condition is
applied on the cylinder surface. The periodic boundary condition
is used at the branch cut, and a convective outflow condition is
used for the outflow boundary condition. The computational do-
main size for the near-field velocity and pressure is −50 ≤ y1/d ≤ 50
and −50 ≤ y2/d ≤ 50, and the number of grid points is 481 × 121.
The flow at Re = 150 is simulated for comparison with the acous-
tic field obtained from the direct solution1 of the compressible
Navier–Stokes equations. The accuracy of using the present numeri-
cal method, grid, computational time step, and boundary conditions
was already shown in our previous studies.5,16

IV. Results
At low Mach number, the most dominant acoustic sources are

the temporal variations of drag and lift forces on the surface of
a cylinder caused by periodic vortex shedding behind the cylin-
der. The mean drag coefficient C̄D = 1.327, the amplitudes of drag
and lift coefficient fluctuations C ′

D = 0.026 and C ′
L = 0.517, and the

Strouhal number Sr = 0.183 are in excellent agreement with those
by Inoue and Hatakeyama.1 Because the lift fluctuations are much
larger than the drag fluctuations, it is expected that the intensity of
acoustic density by the lift fluctuations is larger than that by the drag
fluctuations.

Figures 2a–2c show the contours of the instantaneous acoustic
density fluctuations from the body-force fluctuations, velocity fluc-
tuations in the wake, and their sum, respectively, at Re = 150 and
M = 0.2. As expected, the acoustic density caused by the lift fluctua-
tions propagates dominantly in the overall acoustic field. The acous-
tic density fluctuations caused by the velocity fluctuations appear in
the near-wake region and weakly propagate along the directions of
±45 and ±135 deg (Fig. 2b).

Inoue and Hatakeyama1 indicated that in a reference frame fixed
to the cylinder one should consider the Doppler effect when the
sound field is obtained from the acoustic analogy. That is, the prop-
agation speed cφ(φ) = c∞(1 − M cos φ) should be used instead of
c∞, where φ is the angle from the stagnation point. Following In-
oue and Hatakeyama,1 we apply cφ(φ) into ρ ′

MG, ρ ′
FG, and ρ ′

FC. The
sound field ρ ′

MG with the Doppler effect is shown in Fig. 2d. Because
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a) b) c) d)

Fig. 2 Contours of the instantaneous acoustic density fluctuations at Re = 150 and M = 0.2: a) ρ′
MG||D, b) ρ′

MG||Q, c) ρ′
MG||D + Q, and

d) ρ′
MG||D + Q with the Doppler effect. The contour levels are fixed as −−3.713 ×× 10−−4 ∼ 3.713 ×× 10−−4. Here, η denotes an arbitrary axis for the

sound evaluation in Fig. 4.

a) b) c)

Fig. 3 Contours of the instantaneous acoustic density fluctuations from the Reynolds-stress components at Re = 150 and M = 0.2:
a) u′

1u′
1, b) u′

1u′
2, and c) u′

2u′
2. Here, the contour levels are fixed as −−3.713 ×× 10−5 ∼ 3.713 ×× 10−5.

of the Doppler effect, the acoustic density propagates upstream as
compared to that in Fig. 2c.

Figure 3 shows the contours of the instantaneous acoustic density
fluctuations from u′

1u′
1, u′

1u′
2, and u′

2u′
2. The sound generated from

u′
1u′

2 is largest among the Reynolds-stress components and prop-
agates along the directions of φ = ±45 and ±135 deg, but those
from u′

1u′
1 and u′

2u′
2 propagate along the directions of φ = 0 and

180 deg and φ = ±90 deg, respectively. Therefore, the sound from
the velocity fluctuations is basically determined by the Reynolds
shear stress (see Figs. 2b and 3). It is interesting to note that the
velocity fluctuations in the wake, except those in the vicinity of the
cylinder surface, do not radiate the sound into the intermediate or
far field.

Figure 4 shows the distribution of the instantaneous ρ ′
MG with the

Doppler effect along the η direction at φ = 120 deg (see Fig. 2d),
together with those of ρ ′

FG and ρ ′
FC with the Doppler effect. These

are compared with the direct solution of the compressible Navier–
Stokes equations.1 It is shown in this figure that the overall acoustic

Fig. 4 Distribution of ρ′||D + Q along the η direction at φ = 120 deg
for Re = 150 and M = 0.2: ——, ρ′

MG||D + Q; – – –, ρ′
FG||D + Q; · · · ·,

ρ′
FC||D + Q; •, Inoue and Hatakeyama1; –·–, ρ′

MG||D; and – - –,
ρ′

MG||Q.
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density obtained using the modified Green function ρ ′
MG|D + Q

agrees very well with that by Inoue and Hatakeyama,1 indicating
that the acoustic analogy with the modified Green function predicts
the near-field sound very accurately. We have also compared ρ ′

MG
at φ = 50 and 78.5 deg with the direct solutions,1 again showing
excellent agreement.

The acoustic density fluctuations generated from the body-force
and velocity fluctuations are separately drawn in Fig. 4 to see
whether the first is still dominant even in the near field. It is found
that the first is dominant for η > 10d , whereas the latter is also impor-
tant for η < 10d. (Note that ρ ′

MG|D is quite different from ρ ′
MG|D + Q

there.) Therefore, near the cylinder surface the sound from the ve-
locity fluctuations should not be neglected.

On the other hand,ρ ′
FG is very similar toρ ′

MG even near the cylinder
surface atφ = 120 deg, suggesting that the free-space Green function
might be preferable in predicting the overall sound to the modified
Green function because the latter needs a significant amount of CPU
time. As expected, the far-field and compact-source approximations
predict very different acoustic density fluctuations near the cylinder
surface (Fig. 4).

V. Conclusions
In the present study, we applied the Lighthill’s acoustic analogy2

to the sound propagation from flow over a circular cylinder at
Re = 150. To include the effect of the cylinder surface on the sound
propagation in the near field, a modified Green function was used.
The computed sound was in excellent agreement with the direct solu-
tion of the compressible Navier–Stokes equations,1 supporting the
validity of using the acoustic analogy in predicting the near-field
sound. Also, three different solutions obtained from the acoustic
analogy with the modified Green function, free-space Green func-
tion, and far-field and compact-source approximations were ana-
lyzed in the near field, showing that the free-space Green function
also predicts the acoustic density accurately. Finally, it was shown
that the sound from the velocity fluctuations is not negligible in the
near field, as compared to that from the body-force fluctuations, as
a result of the strong vortex shedding near the cylinder surface.
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